Introduction
The mesh and the torus are two of the most important networks for parallel computers. A great deal of research has focused on the mesh and torus networks and several parallel computers have been built with 2-or 3-dimensional mesh or torus topologies. Examples include the MPP (of Goodyear Aerospace), the MP-1 (sold by MASPAR), Victor (of IBM), Paragon (of Intel) and Parsytec. One of the most important issues in the design of a system which contains many components is the system's performance in the presence of faults. Hence, it is of major practical importance to develop efficient techniques (in terms of the cost of the redundancy) to handle faults in mesh and torus architectures .
Our approach is based on a graph model. In this model the architecture is viewed as being a graph, where the nodes represent the processors and the edges represent communication links between the nodes. A target graph with N nodes is first selected. Next, the required amount of fault-tolerance, k, is determined. Then a fault-tolerant graph with N nodes is defined with the property that given any set of k or fewer faulty edges, the remaining graph (after removal of the faulty edges) is guaranteed t o contain the target graph as a subgraph. Note that this approach guarantees that any algorithm designed for the target graph will run with no slowdown in the presence of k or fewer edge faults in the fault-tolerant graph, regardless of their distribution. Minimizing the cost in this model amounts to constructing a fault-tolerant graph with minimum degree.
While our focus is on tolerating edge faults, it is natural to also consider what happens when there are node faults [4, 5] . Because our fault-tolerant constructions do not have redundant nodes, it is clear that the target graph will not be contained in the healthy portion of the fault-tolerant graph when it contains node faults. However, we will show that our constructions also have optimal connectivity properties, given their degree. More specifically, we will show that if the number of node faults is less than the degree of the fault-tolerant graph, the healthy portion of the fault-tolerant graph remains connected.
The key to our fault-tolerant mesh constructions is a technique for adding redundant edges using what we call wildcard dimensions. While it was known that it is possible to add a single wildcard dimension to a hypercube [l], it was not known if more wildcard dimensions can be added to hypercubes, nor was it known if wildcard dimensions can be added to mesh and torus networks. In this paper we present the following results: (i) a proof that it is not possible to add more than a single wildcard dimension to a hypercube, (ii) a technique, based on error-correcting codes, for adding wildcard dimensions to mesh and torus networks, and (iii) a proof that meshes and tori with wildcard dimensions can tolerate edge faults with no slowdown in performance and that they also have optimal connectivity properties.
The paper is organized as follows. In Section 2 we define the concept of a wildcard dimension and prove that only a single wildcard dimension can be added to the hypercube. In Section 3 we show how tori networks can be represented using a new algebraic framework. We use this new framework to characterize tori with wildcard dimensions. In Section 4 we use techniques from error correcting codes to construct tori networks with wildcard dimensions. In Section 5 we show how these constructions can be used to tolerate edge faults in mesh and tori networks. Finally, in Section 6 we prove that our constructions have optimal connectivity properties. The structure of Qd and F d can be described using a more general framework, see also [7] . The idea is to assume that every node in a graph with 2d nodes is represented by a unique string of d bits. We note here that in most of our results we assume that n is a prime. In this case, addition and multiplication over GF(n) are defined as addition and multiplication modulo n. Some of our results are correct also for n which is a power of a prime. In this case, addition and multiplication over GF(n) can be defined modulo a preselected irreducible polynomial of degree n.
Wildcard Dimensions in Hypercubes
Usin this framework it is clear that Q d = A natural question is whether it is possible to extend the hypercube by more than a single wildcard dimension. Namely, is it possible to find a set of offsets S, 1. 5' 1 > d + 1, such that for an arbitrary A C S,
In the following theorem we prove that the folded hypercube F d is optimal in the sense that the hypercube can be extended only by a single wildcard dimension. In the foregoing theorem we have proven that for hypercubes one can add at most one wildcard dimension. Surprisingly, we will show that when n is a prime and n 2 d, it is possible to add n + 1 -d wildcard dimensions to a d-dimensional torus of the form n x n x x n. This result, which is based on ideas from error-correcting codes, is developed in the remaining sections.
Wildcard Dimensions in Tori
In this section we investigate the issue of wildcard dimensions in d-dimensional torus networks. In particular, we will characterize the sets of offsets that correspond to tori networks with wildcard dimensions. We denote a d-dimensional mesh and a d-dimensional torus of the form n x n x . . x n by M," and T,d, respectively. First we will define these graphs using the framework described in Definition 2.
Deftnition 3 s d is defined to be the set of d vectors of length d which have Hamming weight 1. The torus graph T t is defined to be isomorphic to G(n,d,Sd). The mesh graph M t is defined to be a torus without wraparound edges. More formally, each node X in M: is connected to all nodes of the form Xf V , where V E s d , provided this node exists (that is, the addition is not performed modulo n).
The set Sd in the foregoing definition is one possible choice of a set of offsets that represents a torus. The question is what other choices of S will result in a graph isomorphic to a torus. In the following theorem, we will give a necessary and sufficient condition on the set S such that G(n, d, 5 ' ) is isomorphic to the torus T,". Through the rest of this section, we will assume that the parameter n is prime. Proof: Assume that G(n,d,S) is isomorphic to T,". We first prove that the set S spans the space iO,1 , . . . , n -l f l i.e., it contains d linearly indepenent vectors. T is follows from the fact that the graph T," is connected, namely, there is a path from the all-0 node to every other arbitrary node. This path corresponds to a linear combination of vectors in S. Hence, the vectors in S span {0,1,. . . , n -l}d. Now since the degree of Td is 2d the set S must be of size d for n > 2.
This compkes the proof of the necessary part. Now we assume that S is a set of d linearly independent vectors over GF(n) and prove that G(n, d, S) is isomorphic to T$. We prove it by showing that there is a 1-1 mapping between G(n, Note that S consists of 3 linearly independent vectors over GF(5). The graph G (5,3, V(5,3) ) is a 3-dimensional torus with 3 wildcard dimensions. In the next section we will present a general method for constructing V ( n , d), which is based on coding theory.
Linearly Independent Vectors over
Our method for constructing fault-tolerant tori is based on the existence of a set of vectors of length d over the finite field GF(n), that has the property that any d vectors in the set are linearly independent over GF(n). We denote this set by V(n,d). In particular, constructing a fault-tolerant d-dimensional torus is based upon the construction of V(n,d). In this section we will present a construction of V ( n , d) of n + 1 vectors of length d over GF(n), for any n which is prime and for any d 5 n. Our construction follows from known constructions in error-correcting block codes. For more details on this subject refer to
The main issue in the theory of error correcting codes is to construct a large set of vectors (code) with the property that the Hamming distance between any two vectors in the code is larger than a predefined parameter d' (the minimum distance). Linear block codes are codes that have the property that the set of codewords forms a vector space over GF(n . These codes can be described by a matrix known as the far& check: matrix. In particular, a code of length n (the length of vector in the code) and dimension k ' (consists of 2" codewords) can be described by an (n' -k') x n' The following theorem follows from the two previous facts. We note here that finding the longest MDS code for a given n is a well known open problem and a well known conjecture is that n + 3 is an upper bound.
As an example for 'd = 2 and an arbitrary prime number n, It can be easily verified that any two column vectors in V ( n , 2) are linearly independent over GF(n). This set can be used to obtain a construction of an n x n 2-dimensional torus with n -1 wildcard dimensions.
As another example consider n = 7 and d = 3, we (7, 3) are linearly independent over GF(7). V (7, 3) can be used to obtain a construction of a 7 x 7 x 7 3-dimensional torus with 5 wildcard dimensions.
We conclude this section with the following corollary. 
Edge Fault-Tolerant Meshes and Tori
In this section, we will give constructions of edgefault-tolerant d-dimensional meshes and tori. The constructions are based on V(n, d ) that was described in Construction 1. We first define more precisely the notion of edge fault tolerance.
Definition 5
Let k be a nonnegative integer and let G = ( V , E ) be a graph. We say that the graph G' = (V, E') is ( k , G)-edge-tolerant if the subgraph of G' induced by removing any k edges from G' contains G as a subgraph.
Note that both G and G' have the same node set.
Next, we present a simple technical lemma. 
T,.
Note that the fault-tolerant graph G(n, d, S) has degree 29, where d 5 s < n + 1, and can tolerant 29 -2d + 1 edge faults such that the remaining graph still contains Ad," as a subgraph.
Example: Consider the 5 x 5 torus with a single wild card dimension in Figure 4 . This graph can tolerate any 3 edge faults with the target graph being a 5 x 5 mesh.
Connectivity Properties
Throughout this section, let V ( n , d ) be the d x (n+ 1) matrix defined in Construction 1. In this section, we will show that the connectivity of the graph G (n, d, S) is the same as its degree, where S c V ( n , d ) and d 5
Notations and Definitions
First, we need to define a few notations and review two important lemmas by Watkins [ll] . (See also [2] .)
The vertex set of a graph W is denoted by V(W 
Generalization
Note that the parameter n in Corollary 6.4 is a prime number. This restriction can be removed and while still guaranteeing that the graph G(n, d, S) is optimally connected. We now present this general theorem. Recall that the matrix V ( n , d ) is viewed m a set of column vectors. We denote the last column vector for some integer c' 2 2. Since V(G)( = nd and a(G) < n, we have u(G) 5 n -2 I as n -1 does not divide nd). Let P be any given atom of G. Note that
Denote the minimum cutset with respect to P by C ( P ) and note that IC(P)/ = conn(G). View the graph G as consisting of n 'levels", where each level i, 0 5 i < n, consists of the n d -I nodes which are labeled with vectors that have the value i in the first position. (Throughout the proof, all level indices will be evaluated modulo n and levels 0 and n -1 will be considered to be adjacent.) There are two cases:
Case 1: % 4' S. From the definitions of V (n,d) and G = G (n, d , S ) , all edges in G are between nodes in adjacent levels. Furthermore, since IV(P I 5 n -2 there exist at least two adjacent levels of G t h at do not contain any nodes in V ( P ) . Pick w: = y$ for any i and j (because there are two adjacent levels of G that do not contain nodes in V ( P ) ) .
Therefore, IC(P)I > 2s. Although we only give an existence proof for T h e orem 6.6, we actually have a construction of 2s nodedisjoint paths between any two vertices i n G(n, 2, s), where S is the first s vectors of V ( n , d ) and 2 5 s 5 n.
We also have a construction of 23, the matximum possible, edge-disjoint spanning trees in G(n, 2, S) for an S C V(n,d). Thus, the edge connectivity of 
